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The motions of a close to dynamically symmetrical satellite in a circular orbit, that is, of a rigid body in a central Newtonian
gravitational field, are considered. The periodic motions, generated from the conical precession of a dynamically symmetrical
satellite, are constructed in the unperturbed problem. A rigorous, non-linear analysis of the stability of these motions is carried
out. In the unperturbed problem, one of the coordinates, the angle of natural rotation of the satellite, is cyclic and the system
of differential equations describing the motions of the perturbed problem is close to the system with the cyclic coordinate. The
resonant case, when the ratio of one of the frequencies of small oscillations of the reduced system in the neighbourhood of a
stable equilibrium to the frequency of the change in the cyclic coordinate is close to an integer and the case when there is no
resonance are investigated. Previously obtained [1] results of an investigation of the periodic motions of autonomous Hamiltonian
systems with two degrees of freedom are extended to the case of a system with three degrees of freedom being considered here,
when the above-mentioned resonance is present. When there is no such resonance, the cases of parametric resonance, of third-
and fourth-order resonance and, also, the general non-resonant case are distinguished. Results for the stability of non-autonomous
Hamiltonian systems with two degrees of freedom in the case of resonances [2] and, also, the results of KAM-theory (in the
general non-resonant case) [3] are used. © 2004 Elsevier Ltd. All rights reserved.

The stability of the conical precession of a dynamically symmetrical satellite in a circular orbit has been
investigated in [4-7]. In the case of a weakly elliptic orbit [8] and in the case of a close to dynamically
symmetrical satellite in a circular orbit [9], the periodic motions of a satellite have been found (in the
form of power series in a small parameter) and their stability has been investigated in the linear
approximation. The periodic motions of a dynamically symmetrical satellite in a weakly elliptic orbit
have been investigated for the case of resonance in forced oscillations, when one of the frequencies of
the small oscillations of the satellite is close to the average motion of its centre of mass [10]. The Znp-
periodic motions of a dynamically symmetrical satellite in an elliptic orbit, generated from the 2mp/q-
periodic motions in a circular orbit, are constructed and their stability is analysed in the linear
approximation in [11].

1. FORMULATION OF THE PROBLEM

We consider the motion of a satellite, that is, of a rigid body moving in a circular orbit in a central
Newtonian gravitational field. Suppose GXYZ is the orbital system of coordinates with origin at the
centre of mass G of the satellite. Its axes GX, GY and GZ are directed along the transversal, along the
binormal to the orbit and along the radius vector of the centre of mass, respectively. We will associated
a system of coordinates Gxyz with the satellite, the axes of which are directed along its principal central
axes of inertia. The orientation of the system of coordinates Gxyz with respect to GXYZ will be specified
using the Euler angles v, 6 and ¢.
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The motion of the satellite about the centre of mass is described by canonical differential equations
with Hamiltonian

2
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where 4, B and C are the principal central moments of inertia of the satellite and py, pe, p, are the
momenta corresponding to the coordinates v, 6 and ¢, which have been made dimensionless using the
factor Awg, where oy is the mean motion of the centre of mass. The variable T = wyt is taken as the
independent variable.

Suppose the moments of inertia 4 and B of the satellite are similar. Then, on introducing the small
parameter € = (4 — B)/B (0 < € < 1) and, also, the parameter o = C/4 (0 < o < 2), Hamiltonian (1.1)
can be written in the form
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where H is the unperturbed Hamiltonian corresponding to the motion of a dynamically symmetrical
(A = B) satellite. The @ coordinate in the system with Hamiltonian HY is cyclic and this means that
Do = Py, = const. The perturbing part eH"D of Hamiltonian (1.2) contains the ¢ coordinate and is periodic
with respect to it with a period equal to w. A system with Hamiltonian (1.2) is therefore close to a system
with a cyclic coordinate.

We will now consider the particular motion of the unperturbed system, described by the relations

. Po
0= 90 = al‘CSll’l3a_04, Do = peo =0

v =y,=0, p,=p, =3(c-1)sinBycosh

(1) = QT+ ¢(0), Q= 4—(0‘7—!—)

sin@

and which corresponds to a conical precession of a dynamically symmetrical satellite. In the case of a
conical precession, the axis of the satellite is perpendicular to the velocity vector of the centre of mass
and at an angle 8, to the velocity vector of the centre of mass. At the same time, the satellite is rotating
about its axis with angular velocity Q.

In Fig: 1, the domain I (0 < a < 1), where sufficient conditions for the stability of conical precession
are satisfied, and the domain II, where only the necessary conditions for stability are satisfied, have
been separated out in the plane of the parameters o, 8y (0 < o < 2, 0 < 6 < n/2). Domain IT is defined
by the relations
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The frequencies ; and o, (®; > ,) of small oscillations of the reduced system with two degrees
of freedom in the neighbourhood of the stable equilibrium position in domains I and II are determined
from the equation [7]

©' (7 - 60~ 90(1 - &) sin’By]@” + 3cos Oy(4 - 3a)(1-at) = 0
The conical precession is unstable in the hatched domain in Fig. 1.
We will now take the conical precession of the dynamically symmetrical satellite (for values of the
parameters o and 6, from domains I and II) as the unperturbed motion and consider the motions of
a close to dynamically symmetrical (€ # 0) satellite in its neighbourhood. We will construct the periodic

motions of the satellite which are close to its conical precession in the unperturbed problem and
investigate their stability.

2. TRANSFORMATION OF THE HAMILTONIAN
In (1.2), we put
9='_90-*"11’ P9=P90+p1’ Y =VYu+4q; pw=p\yo+P2’ ?=q, pq):p(po"'P
The functions H® and H" can be written in the form

= H(ZO) + Hgo) -+ Hﬁo) + O

S

S

S
|
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HY = H' + B" + B + B + B} + 04

where Hy" (i = 0, 1) is the set of terms of the kth order with respect to the quantities g;, p; (j = 1, 2)
and | P12 with constant coefficients (when i = 0) or (when i = 1) n-periodic coefficients with respect
to g with harmonics cos 2q and sin 2g; Oy is the set of terms of no lower than the fifth order with respect
to the same quantities.
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The functions H§(O) have the form H}(O) = H,E?ﬁ = H}(Ct]))j where
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The coefficients v,y u, which have not been written out are equal to zero.
For the function HY in (2.1) we only give the terms H((Jl) and H gl):
Hf)l) = acoszq), H(ll) = bcosz(pql + csinQcosQp, +dc:052<pp2
a= 2cos290—%, b = —ctgBy(1 + 65in’6, — 3oisin’6y) 2.3)
¢ = (7-6a)cos8,, d = ctgh,

We now carry out a number of canonical replacements of the variables which simplify the structure
of the Hamiltonian H. First, using the linear substitution
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we reduce the quadratic part of H” to the normal form

(0)% 1 *2 *2 1 *2 *2
Hy,” = ﬁwl(% + P, )iimz(% +py )+ QP* (2.5)

In relations (2.4) and (2.5), the upper sign refers to the domain I and the lower sign to the domain
IT; it is assumed that o # 2/3. In the case when o = 2/3, one of the quantities k; is not defined and, in
the case, the quantities n;; are calculated using the formulae

-1/2

-1 -1 . -
Ry = Mgy = N = -0, A =np =0, ny =y = -ng = sin G (2.6)
for 0 < 6y < ©/4 when ®; = V2 cos 8g, w, = 1 and, using the formulae
o _n _ -0 a = a7 = sin'0
My = Mgy = My = =Wy, My = Ay = U, A3 = N33 = —Ayy = SN B 27

form/4 <6y < m/2whenw; =1, 0, = V2 cos 0. If, however, o = 2/3, 8; = n/4, then we have o; =
®, = 1. We shall not discuss this case any further. o
As a result of transformations (2.4), the terms H(kg (k = 3, 4) take the form

(0)% * kv, Ev, kg, R,
Hyo = Z hvxvzuﬂlqu 92 P P2

Vi+Vot i+, =k

We shall not give the explicit form of the coefficients A% v,u,, here.

Suppose there are no third- and fourth-order resonance relations between the frequencies ®; and
,, that is 0 # 2w, and ®; # 3w,. The resonance curves ®; = 2w, and ®; = 3w, in domains I and II
are shown in Fig. 1. For points outside these curves, it is possible to construct a transformation of the
Birkhoff type which is close to a canonical identity transformation and has the form

gF =Qi+..., pF=P+..., i=12, gq*=Q+.. P*=Pp* (2.8)

and which normalizes the unperturbed Hamiltonian H®™ up to terms of the fourth order inclusive.
This transformation was obtained using the Deprit-Hori method. Because of its complexity, it is not
presented here. The Hamiltonian H®™ takes the form

coISf + %mzsg + QP* + iC11ST + %clzsfsg + %czzsg +

(0 1
H =z
2
29
1 §2p 1 2px %2 2 2,52
+5¢13 P + 56235 +c33P¥ + 05, 87 =Qi+P;, i=12

where c;; are constant coefficients which are calculated using the formulae
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As a result of transformations (2.4) and (2.8), the function HY in the perturbing part of the
Hamiltonian changes, but its structure remains the same as in (2.1).

3. PERIODIC MOTIONS OF A SATELLITE WHEN THERE ARE NO
RESONANCES o; = ~-2NQ, ®v, = -2NQ

3.1. Isoenergetic reduction

In order to construct the periodic solutions, we will first consider the motions of a system on an
isoenergetic level. Using the energy integral H = €Qh = const, we change to a reduced, non-autonomous
Hamiltonian system with two degrees of freedom and an independent variable (). Here, the function

K = _1_0)1S 10)2S+1 S+ 1, SS+1c S
+e(Hy + Hy+ Hy + ) + 05+ O(E) o)
2
Ciq®); Ca3®; Ot Cntd. 2
i = Ciz"—“s—l 332’» i=12, &= c12—013 27 €23 1, 033“;1(’)2
Q Q a o

where Hy is the set of kth order terms in S; (i = 1, 2), will play the role of the Hamiltonian. The function
(3.1) is n-periodic with respect to Q and, generally speaking, contains all the even harmonics of Q. In
particular, H; has the form (the coefficients a, b, ¢ and d are defined in (2.3))
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a = a,coszQQ1 +a2coszQQ2+blsin2QP, +b,sin2QP,

b 1 M ; . (3.2)

a; = nyb+nyd, b, = §n3,2+ic+a-(;)—i, i=12

In the subsequent investigation it is necessary to distinguish between the resonant case, when the
ratio of the frequencies @/Q or @,/Q of the initial Hamiltonian system with three degrees of freedom
is close to an even integer and the case when there is no resonance. The above-mentioned resonance
Is equivalent to the existence of resonance in the forced oscillations in the reduced, non-autonomous
Hamiltonian system with two degrees of freedom with Hamiltonian (3.1). Resonance curves @; = -2NQ
(i = 1, 2) exist in domain I (where Q < Q) forall N = 1,2, 3, ... . The curves ©; = —2Q and o, = -2
are shown in Fig. 1. The resonant cases ; = -2Q (i = 1, 2) will be investigated in Section 4. The cases
of resonance @; = -2NQ, when N = 2, require that terms of the order of €* and higher are taken into
account in the Hamiltonian and will not be considered.

Calculations show that resonance relations of the form o; = 2NQ (i = 1, 2) are not realized in domain
I (Q > 0).

3.2. The periodic solution when there are no resonances w; = —-2NQ (i = 1, 2). Geometrical interpretation
Suppose there are no resonances of the form @; = -2NQ (i = 1, 2) in the system, that is, the points
(0, 8g) do not belong to the curves w; = -2NQ (1 = 1,2, N = 1, 2, 3, ...) from domain I and their small
neighbourhoods or lie in domain II. Following the Poincaré method, a unique solution of the system
with Hamiltonian (3.1), which is m-periodic with respect to Q and analytic with respect to €, can be
constructed, which has the form

a; a .
0. = 0¥(Q) = e[—i-(‘;+%x,."coszg]+0(ez), P, = PF(Q) = ex*sin20 + O(e?)
ab _ 4;0;—4b,Q ba _ D0 —a, Q2 (33)
i = 2 2 i = ) _2 5 1 = 1, 2
4Q" - w; 4Q° -,

for the points of domain I; for the points of domain 1I, ®, must be replaced by —,.
From relations (3.3) and the energy integral H = €Q#, we obtain a solution for the quantity P*, which
is m-periodic in Q (the coefficient a is defined in (2.3))

2
P* = JX(Q) = e[h—gg(-g—g]+0(£2) (.4)

Relations (3.3) and (3.4) specify a one-parameter family of solutions, which is n-periodic in Q and
analytic with respect to €, of a system with three degrees of freedom with Hamiltonian H =
HO 4+ eAY, the unperturbed part H® of which is defined by formula (2.9). The energy constant 4
serves as the parameter.

In the initial variables, the following family of motions of the satellite, which are n-periodic in ¢.

0 = 6,+€&(A, +A,c0820) + O(e), ¥ = eB,sin2¢ + O(e’)

a +2Mh a, +2M,h 1 1 ab
2

b
Ay = —-np Ay = sy +snpx
2o, 3 3

I
[
=

(3.5)
ba ba
By = npX; +nuX;

corresponds to this family of solutions.
Here, the change in the variable @ is described by the equation

de _
el Q+G()

X M,
G(9) = (m1”11+m2"41)(Q1 _(—o“-]*)+
1

« M cos290 2 2
+(m,n12+m2n42)(Q2 —-(D—J*)+2n]*—s cos @ + O(g")
2

sin@,
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Fig. 2

The period of the solution (3.5) with respect to the “time” 7 is equal to T = 2m/Q,, where Q; =
Q + G and G is the mean value of the function G(¢) over a period .

Relations (3.5) (if the terms O(e”) are neglected) correspond to such a motion of the satellite when
the unit vector of its axis describes a spatial curve on a sphere of unit radius with its centre at the centre
of mass G, the projection of which onto the plane GX'Y" of the orbital system of coordinates, which is
perpendicular to the axis of the satellite in the unperturbed motion, is an ellipse (Fig. 2). The equation
of the ellipse will have the form (the GX" axis coincides with GX and the GY” axis lies in the GXY plane
and makes and angle 6, with the GY axis)

x? (Y'—eA))’
3+ 7
(eB,sin6,) (eA,)

The semi-axes of the ellipse have a length of the order of € and its centre is displaced relative to the
origin of the coordinates G by an amount of the order of €.

3.3. The stability of the periodic solution _
In order to solve the problem of the stability of the periodic solution (3.3), (3.4) in the Hamiltonian H
(with an unperturbed part (2.9)), using a canonical transformation of the form [12]

Q=0 (D +x, Pi=PHD+y, i=12 =g
dP}f dQf dP¥ d (3.6)
= TN+ xigg ~Yigg trgg gy dQQ2

we introduce the perturbations of the variables Q;, P; (i = 1, 2) and P* relative to their values for the
periodic motion and subsequently change to the “polar” coordinates @;, R; (i = 1, 2) using the formulae

= mSin%’ yi = A/E_RiCOS(pi

The perturbed Hamiltonian then takes the form

3
= (o,R* m2R2+QR3+£1‘(1))+£1"(3”+[ Y cRR; +eIl ]+0(82) (3.7)

[Tkt )
ihj=1igj

where T (k = 2, 3, 4) are forms of the kth power with respect to the quantities |R;|"? (i = 1, 2, 3)
with coefficients which are n-periodic with respect to @s.

The case of parametric resonance. Suppose the parameters o and 8y from the domains I and II are
such that the frequencies o, @, and Q are linked by one of the relations 2w; = 2N|Q| (i = 1 ori = 2),
W = m, = 2N|Q|. There is then parametric resonance in the system. Calculations show that the above-
mentioned relations are not realized in domain II. At the same time, in domain I, the corresponding
resonance curves (RC) exist for all values of N. The resonance curves (RC) 2w, = -2Q, 2m, = -2Q
and ®; + o, = -2Q (labelled with the pairs of numbers 2;0, 0;2 and 1;1 respectively) are shown in
Fig. 3 for the case when N = 1. When ¢ # 0, a domain of parametric resonance is created from each
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point of these resonance curves (there are two surfaces in the three-dimensional space of the parameters
0, 8y and € which, when € = 0, emerge from each resonance curve and specify the domains of parametric
resonance). In the case of the points of the resonance curves ®; — ®; = -2NQ from domain I, stability
occurs when account is taken of terms in the Hamiltonian no higher than the first order in R,.

Outside these resonance curves, the form of I't? in the Hamiltonian (3.7) can be simplified by retaining
just the “secular” terms in it. We then obtain

T* = (MR, £0,R, + Q*Ry) + el + (Y e, RR; +€Ty ) + O(e)) 8

A= @,+0() =const, =12 QFf=Q+0(g) = const

The cases of third and fourth-order resonances. We will now consider the cases of third- and fourth-order
resonances. The corresponding resonance curves are specified by the equations k1A, + koA, = 2N|Q*|
(N =1,2,...), where k; and k, are integers which satisfy the relation |k;| + |k,| =1( =3 orl=4).

Stability occurs in the corresponding finite approximation in the resonance curves from domains I
and II, for which the relations kk, < 0 and k&, > 0 are satisfied respectively (only the resonance curves
AL+ 2h, = 2NQ*, Ay + 3A, = 2NQ* of the above-mentioned form exist in domain II).

Instability can only be observed in the resonance curves for which kik; > 0 in domain I and k&, < 0
in domain II (resonance curves only exist when 2A; — &, = 2NQ*, 4h, = 2NQ*, 24 — 24, = 2NQ* in
the latter domain). We shall confine our consideration to the case when N = 1. Resonance effects when
N > 1 manifest themselves in terms of the order of £, Resonance curves of the form being considered
are shown in Figs 3 and 4 for the case when N = 1. Each resonance curve is labelled with the corres-
ponding pair of numbers ky; k,.

The periodic motion being considered is unstable for points of the third-order resonance curve if,
in Hamiltonian (3.8), the coefficient in the term with the corresponding resonance harmonic in the form

Y is non-zero [2]. Calculations show that the condition for instability is violated (the corresponding
coefficient vanishes) for points of the resonance curves with the abscissae

0.153..., 0.661..., 0.796..., 0.897... (RC 34, = -2Q%)
0.512..., 0.672..., 0.823..., 0.889...(RC A, +2), =-2Q%)
0.145..., 0.643..., 0.820... (RC 2A,+A, =-2Q%)
0.258..., 0.648... (RC 31, =-2Q%)

1361..., 1.518... (RC 2A,-A, =2Q* from domain II)

Suppose now that there are no resonances of up to the third order inclusive in the system and, at
the same time, the point (¢, 6,) belongs to one of the fourth-order resonance curves. The form F§13 in
Hamiltonian (3.8) can then be eliminated and the fourth-power terms simplified, taking account of the
resonance which exists. Since the resonance components in the fourth-power terms are of the order of
magnitude of £ while the coefficients c; are of the order of unity, then, as a rule, stability occurs in the
fourth-order resonance curves when terms of no higher than the second order in R; are taken into account
in the Hamiltonian [2]. The points on the resonance curves, for which the coefficients ¢; in the fourth-
order terms of the Hamiltonian of the reduced system with two degrees of freedom, corresponding to
the system with Hamiltonian (3.8), satisfy the relations (see formulae (3.1) for the expressions for the
coefficients ¢;)

¢;; = 0 (forRC 44, = -2Q%)

9¢,; +3¢1,+ ¢y = 0 (for RC 37, + 14, =-2Q%)

21 +¢,+ 8y = 0 (for RC 24, + 24, = -2Q%*) (3.9
8,1+ 38, +98,, = 0 (for RC A, + 34, = -2Q%)

&y = 0 (for RC 44, =-2Q%)

are an exception.
For the resonance curves (RC) 2A; — 2A, = 2Q* and 4, = 2Q* from domain IT we have relations
which are analogous to the third and fifth equations in (3.9).
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Calculations show that the first relation of (3.9) is not realized and that the remaining relations in
(3.9) hold at points with the abscissae 0.717 ... ; 0.576 ..., 0.632 ..., 0.761 ... ; 0.533 ... , 0.673 ...;
0.397 ... respectively. In domain II, the corresponding relation for the resonance curve (RC) 44, =
-2Q* is not realized while, for the resonance curve 2A, — 24, = 2Q*, it holds at the point with abscissa
1.391 ...

Calculations were carried out separately using formulae (2.6) and (2.7) for points of the third- and
fourth-order resonance curves when o = 2/3. It was shown that, in the case of a third-order resonance,
there is instability at these points (the resonance coefficients are non-zero) apart from at a point lying
on the resonance curve 3\, = -2Q* where the corresponding resonance coefficient vanishes. Relations
(3.9) and the analogous relations for domain II are not realized in the case of points of all the fourth-
order resonance curves with abscissae o = 2/3, that is, stability occurs in the final approximation.
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The general non-resonant case. Finally, suppose there are no resonances of up to the fourth order
inclusive. Then, Hamiltonian (3.8), which has been normalized up to terms of the fourth power, has
the form

[=T*+0(e), T* = MR LR +Q*R;+ Y cIRR,

%
c; = ¢;;+O(g) = const

The periodic motion being considered will be orbitally stable for the majority of initial conditions if
the conditions [3]

o'+ or*
ORIR; OR,
ar
IR,

o°T*

A

Dy = det #0, or D, =det #0 (3.10)

0

are satisfied.

The supplement to the above-mentioned majority of initial conditions is of the order of 0(\/5) [3]-

Calculations showed that D3 < 0 and D4 > 0 in domain 11, and hence orbital stability occurs for all
points of domain II outside the resonance curves for the majority of initial conditions. At the same
time, resonance curves exist in domain I in which D; = 0 and D, = 0. The condition D; = D, = O is
satisfied at the two points (0.604 ... ; 1.370 ...) and (0.817 ... ; 0.704 ...) of domain 1. Hence, in the
general non-resonant case, the periodic motion of the satellite being considered is orbitally stable (for
the majority of initial conditions) both in domain II as well as in domain I (with the exception, perhaps,
of the two points which have been indicated).

4. PERIODIC MOTIONS OF A SATELLITE IN THE CASE OF THE
RESONANCES o; = -2Q(i = 1, 2)

We will now construct the periodic motions of a satellite for values of the parameters o and 6, which
belong to the resonance curves w; = -2Q and ®, = —2Q or small neighbourhoods of these curves (see
Fig. 1 and, also, Fig. 3, where these resonance curves are labelled with the pairs of numbers 1;0 and
0;1).

The theory of the resonant periodic motions of autonomous Hamiltonian systems with two degrees
of freedom, which are close to systems with a cyclic coordinate, has been developed earlier [1]. We will
now extend these results to the case of a system with three degrees of freedom which is being considered
here.

In the Hamiltonian H (with an unperturbed part (2.9)), we put

173

Q,=¢e"°QF P =¢

Bpx =12, P*=¢€"1, Q=y,

and then change to the “polar” coordinates v;, J; (i = 1, 2) using the formulae

= J2Jsiny,  PF = [2J;cosy,

The Hamiltonian takes the form

3
2/3 173, % (1 *
H* = 0 J +0,0,+ QI+ Y g+ H, O+ H] Y

ij=1;i<j

+ 0(g) 4.1

The function H™ is obtalned from the function H{, which has been defined in (2.3), by replacing
¢ by y3, while the functlon Hi *M js obtained from the function (3.2) by replacing Q by y3, and Q; and
P;(i=1,2)by V2, ;siny; and \/Z—J iCOSV,.

Using the canonical replacement

*(1)
Q ‘l’3 =V,

Ji=J;-¢
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we eliminate the term with Hj @ in (4.1), and, in H ’f(l), we also eliminate all terms with non-resonance
harmonics.

4.1. The case when m = -2Q
Initially suppose @; = -2Q. Then, the term HF remains in Kl\/flsin(q!l + 2y;), where x; =
V2 (a, + 2b;)/4, (the quantities a; and b, are defined in (3.2)).

We now carry out the canonical replacement of variables.

i
Vi WE-29E 45 W =Wl v = v
J1=11, .12=12, J3=I3+211

and introduce the resonance detuning by putting ®,/Q = -2 + £°8. The Hamiltonian of the system
takes the form

H = QI + 0,0, + € {(dyy ] + dy oI5 + dy 3) +
+[(8Q+dyyly + dy I, + ¥, T cosy* +d; 111} + O(e) (4.2)

d11=C”+2C13+4C33, d12=C12+2C23, d13=cl3+4C33, djk=cjk’ j,k=2,3

The values of the frequencies Q and ®, in (4.2) must be calculated for values of the parameters o
and 6, belonging to the resonance curve ®; = -2Q or a small neighbourhood of this curve. It suffices
to calculate the values of the coefficients k; and dj; for points (0., 85(c)) lying on the resonance curve.

The form of the periodic solution is determined by the values of the coefficients x; and dy;. The
relations x; = k(o) and dy; = dy1(0) (o € (0, 0.900)) on the resonance curve o, = —2Q are shown in
Fig. 5.

We exclude the points a0 = 0.764 ..., o. = 0.626 ... (the zeros of these functions) from consideration.
At the point of discontinuity o. = 2/3 on the graph of the function x; = x;(a), the coefficients n; of the
linear replacement of variables (2.4) have to be calculated using formulae (2.6). All the remaining
transformations and calculations are carried out as in the general case, and we obtain that x; # 0.

We make the following replacement of variables

I = X4p; i=1,23, wf=80+0, ‘V;'k=e'

b J=23

Kix = (K,/d“)m, o, = ®(1 - sign(x,d;))/2
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The transformed Hamiltonian takes the following final form

N n 2 2

H = Qp;+,p; + €7 {(0p; + 0,p,p5 + 03p3) +
+BL(b18 +bypy + byps)p, + P? + A/P—100591] }+0(¢)

o = dpKyg, Oy = dyKiy, 05 = duK,, B =d; K,

by = QIB, b, = dpldy, by =djld),

(4.3)

The term O(g) in (4.3) is n-periodic in 05.

We will now construct the periodic motions of the system with the Hamiltonian (4.3) (see [1]) and
we will initially consider the motions of the system on an isoenergetic level. Using the energy mtegral
H = Qh = const, we change to a reduced system with two degrees of freedom with the independent
variable 6;. The Hamlltoman of this system has the form

2

o 23
K=——2p+§——[ p+oc(h——p)p+a( p)]
Q 2 Q M2 2 2 /P2 3 QZ

®
+ ﬁ[(blé +byp, + b3(h - ﬁzpz))pl + pf + Jﬁcosel} } +0(g)

(4.4)

We will also consider the approximate Hamiltonian K, which is obtained from K by neglecting the
term O(g). In the system with the Hamiltonian K, the coordinate 6, is cyclic and hence p, = ¢, = const.
If the additive constant is discarded, the Hamiltonian K takes the form

K = EQBH' H' = —xp, +p:+./p cos8,
(4.5)

(O}
X = {b,s +byey+ b3(h - EZCQ)J = const

The function H' is a model Hamiltonian for systems with one degree of freedom in the case of
resonance in the forced oscillations [13]. However, if the parameter 7 is solely determined by the
magnitude of the resonance detuning in these systems, then, in the Hamiltonian H’, the parameter }
still depends on the constant ¢, of the cyclic integral (which is associated with the existence of the cyclic
coordinate 6,) and on the constant energy 4 of the initial system with three degrees of freedom.

The equilibrium positions of the approximate system with Hamiltonian (4.5) are described by the
relations

Pr=0c =0, py =P 6, =04 (4.6)

where 61+, p1= is one of the equilibrium positions of the model system with the Hamiltonian H'. When
¥ < 3/2, the model system has a single stable equilibrium position

3
pl? = I—x—lchg + )3—6 0 == [ch(p ks % —43X ) (4.7)
4lxl
and, when y = 3/2, it has three equilibrium positions

(4.8)

3
p(l3) _ %Cos(g + Z_’E) + %C, 6(13) =T (COS(P = 4X4;327J

of which two, that correspond to the greatest (p(B)) and smallest (p(l)) values of py, are stable, while the
one corresponding to the middle value of py is unstable [13].
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When y = 3/2, the model system has an unstable complex singular point p; = 1/4, 8; = 0, which we
shall subsequently exclude from considerations and a stable equilibrium position p; = 1, 6; = .

In the neighbourhood of the equilibrium position (4.6) of the approximation system, the complete
Hamiltonian (4.4) of the reduced system has the form (it is assumed that p, = ry, 6; = 0y« + Xy,

p1 = pyx + 1)

23 6P 5 —
/3 g 2 1¥
K = [Q 0('32 )}2 B[Pl*(ZPl*‘X)x1+ 4p

s 03} +0(e) (4.9)
1%

where O; is the set of terms, the power of which with respect to xy, y;, rﬁ/ 2 is no lower than the third.
The term O(g) in (4.9) is n-periodic in 65.

Calculation showed that the quantity @,/Q is not close to an even integer for values of the parameters
o and 6y belonging to the resonance curve m; = -2Q and a small neighbourhood of this curve. The
non-resonance case in Poincaré’s theory of periodic motions holds and, from each equilibrium position
of the approximate system with the Hamiltonian K, a unlque solution of the system with the Hamiltonian
K is generated, which is n-periodic in 85 and analytlc in "%, and this solution has the form

8, = 61(93)+91*+0(8), P = Pi(B;) = P1*+0(3)., P2 = Pa(83) = o(e?) (4.10)

The last relation in (4.10) can be replaced by two relations for the Cartesian coordinates 6,, p,
corresponding to the pair x,, y; (x; = V2p, sinbs,, y, = V2p, cosh,

Xy = 552(93) = 0(g), ¥, = ¥,(8;3) = O(g)

From the relations (4.10) and the energy integral of the system with three degrees of freedom with
Hamiltonian (4.3), we obtain

"
Py = P3(83) = h“%‘{ashz"‘ﬁ[‘xpl*‘*'l)f*"'A/P]*Cosel*]}"'o(e

¥ = —(b0+bsh)

5/3

) (4.11)

where the term O(¢>?) is n-periodic in 6.

Relations (4.10) and (4.11) describe a one-parameter family of solutions (the energy constant / acts
as the parameter) of the system with three degrees of freedom with Hamiltonian (4.3) which are -
periodic in 65 and analytic in the quantity €. There are one or three such families depending on the
parameter y of the model system.

In the initial variables, we have the following famll;l of motions of the satellite, which is r-periodic
in @ (the angle of natural rotation) and analytic in €

0= 90+£”3n11 /2K1*p1*cos(91*+61—2(p)+0(82/3)
Y = -¢ 3n23 /2K1*p,*sm(61*+01—2<p)+0(82/3)

Here, the change in the variable ¢ with 7 is described by the equation

(4.12)

de

13
e = Q+¢e g (0)

173

81(Q) = (myny +myng) [2K,4P15€08(0,, + 0, —20)+ O(E ")
The period of the motions (4.12) with respect to 1 is equal to

T = 2n/Q*, Q* = Q+£”3g1 = Q+0(£2/3)

where g is the mean value of the function g{(¢) over a period x.
If the terms O(e 23} are neglected, relations (4.12) determine the motion of the satellite when the
unit vector of its axis describes a closed, three-dimensional curve on a unit sphere with its centre at the
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centre of mass of the satellite, the projection of which onto the GX'Y” plane (which is described in Section
3.2) is the ellipse

XIZ sz

+ =
173 . 2 113 o2
(E Sln90n23 I2K1*p]*) (E nll ZKI*pl*)

1/3

with semi-axes of the order of &

We will consider the problem of the stability of the periodic motions which have been found. Motions
generated from an unstable equilibrium position of the model system with the Hamiltonian /' will be
unstable, since the characteristic equation of the linearized, approximate system has a positive real root.

In order to solve the problem of the stability of the motions generated from the stable equilibrium
positions of the model system, we specify the perturbations of the variables of the system with
Hamiltonian (4.3) relative to their values for the periodic motions, using the following canonical
transformation (which is analogous to (3.6))

0, =01+X, p=H+Y, H=EH+X, =R+l 8 =w
dp, de, dy, dx2
p3=p3+X1d Y]d X2d Y2d *

We then normalize the perturbed Hamiltonian up to terms of the fourth order inclusive. In the “polar”
coordinates @, r; (i = 1, 2, 3), the normalized Hamiltonian takes the form

H = e”Bo*r, + ofr,+ Q*r,+€” Ze r+O(g)

ux

where

0* =0+ 0(E") (0 = (60,4 -X)2P1x—2) ©F =0,+0(”), Q*=Q+0(™)

and the coefficients e; (if the terms in them of the order of e

using the formulae

and higher are neglected) are calculated

2 2
3a5+ 6a,a, + 15a c
e = ﬁ[2(a6+3a5+3a7)— 2 Z)“ 4], e, = _B_w_‘(a3+3a4)
Be, BC% Beyc, ﬁcz
€3 = ‘—(0-(43‘*’3“4)’ €n = 0 e BT 0 = o B 0‘3‘2_0)2
o = X—zpl*s 0 = X=2pP % ; Pl*(X‘Zpl*)s4
3 = - s - T 5 1> -
2 ) 8Pf*53 ’ 12
. X—2pP % . S5(X-2p1%) b, b,
= , = ———— = —, (5= —
¢ 8P 1 ! 64p3 5" PTsT s

ii 6P %=X Jm
§ = |—
4p15(2p1% = %)

The coefficients e; depend on the parameter y of the model system and also on the position of the
point (o, 8g(cr)) on the resonance curve.

We now check the conditions, analogous to (3.10), for all permissible values of the parameters y and
o Calculations show that, in the case of the periodic motions which are enerated, when x > 3/2, from
the stable equilibrium positions of the model system to which p;x = p or Pyx = p(3) correspond, the

above-mentioned conditions are satisfied and these motions are orbltally stable for the majority of initial
conditions. In the case when < 3/2 and of the periodic motions generated from the stable equilibrium
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Fig. 6

position of the model system to which py« = p{¥ corresponds, these conditions are violated at the single
point o = 0.626 ..., % = -0.459 ..., where D3 = D, = 0. In the case of the remaining permissible values
of the parameters o and ¥, the motions being considered are orbitally stable for the majority of initial
conditions.

4.2. The case when w, = -2Q
The periodic motions of a satellite which arise in the neighbourhood of its conical precession in the
case of the resonance ®, = —2Q can be obtained in a similar manner.

A denumerable set of points exists on the resonance curve ®; = -2Q for which we have w;/w, = N
(N = 2, 3, ...) (the points of intersection of the curve ®, = -2Q with the curves ®; = 2w, and
; = 3w, correspond to cases N = 2 and N = 3 respectively, see Fig. 1). These cases of multiple resonance
are not considered further.

Outside the above-mentioned points and their small neighbourhoods, the resonance coefficient
Ky = 2 (a3 + 2by)/4 and the coefficient dyy = ¢4 + 2cp3 + 4ca; in the fourth-order terms of the
Hamiltonian, which is analogous to (4.2), determine the form of the periodic motions.

Graphs of the functions x, = k(o) and dy; = dp(ar) for the resonance curve ®, = —2Q are shown
in Fig. 6. These functions have zeros at oo = 0.925 ... and o = 0.844 ... respectively. Moreover, the
function dyy = dyy(0) has a discontinuity at oo = 0.888 ... (at the point of intersection of the resonance
curves @, = —2Q and 0, = 2m,). We also exclude these values of « from consideration.

For the remaining values of o we obtain the families of motions of the satellite

0 =064+ 81/3n12mC0s(62* +0,-20)+ 0(82/3)
¥ = € 1 2K, 4P SI(0,4 + 0, — 20) + O(e™) (4.13)
K = (65/dy)™, 6, = m(1 - sign(kydy))/2

which are m-periodic in ¢ and analytic in el

Here, (8,%, py+) are the equilibrium positions of the model system, defined by formulae (4.7) and

(4.8). The parameter  of the model system for the periodic solutions (4.13) is calculated using the
formula

x = —(b1& + bsh)
l~?1 = Q/B, B = 6}221(2*, 53 = 323/322, &22 = C22+2C23+4C33, 2123 = C23+4C33

where § is the resonance detuning, introduced using the formula w,/Q = -2 + 23,
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In the solutions (4.13), the change in the variable ¢ with 1 is described by the equation

d_(p _ Q+£1/3

it 8,(0)

82(9) = (mnjy+myng), (26,5 Pr4 COS (0,4 +02—2(P)+0(€1/3)

The period of the motion (4.13) with respect to T is equal to

T =2mu/Q¥, QF = Q+e”5, = Q+0(™)

where g, is the mean value of the function g,(¢) over a period 7.

Depending on the parameter y of the model system, there is one or three periodic families of the
form of (4.13).

The motions of a satellite which are generated (when 'y > 3/2) from an unstable equilibrium position
of the model system will be unstable. Motions generated from stable equilibrium positions of the modet
system are orbitally stable for the majority of initial conditions since, as calculations show, conditions
similar to (3.10) are satisfied for all permissible values of the parameters o and ¥.
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